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ABSTRACT
We analyze sparsely-sampled near-infrared (JHKs) light curves of a sample of 1781 Mira variable candidates in
M33, originally discovered using I-band time-series observations. We extend our single-band semi-parametric Gaussian
process modeling of Mira light curves to a multi-band version and obtain improved period determinations. We use
our previous results on near-infrared properties of candidate Miras in the LMC to classify the majority of the M33
sample into Oxygen- or Carbon-rich subsets. We derive Period-Luminosity relations for O-rich Miras and determine
a distance modulus for M33 of 24.80± 0.06 mag.
lmacri@tamu.edu
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1. INTRODUCTION
Mira variables (Miras) belong to a class of long-
period pulsators with large-amplitude cyclical luminos-
ity variations (Kholopov et al. 1985) that also exhibit
cycle-to-cycle and long-term magnitude changes (Mat-
tei 1997). Miras can be further subdivided into Oxygen-
or Carbon-rich (O- & C-rich, respectively) based on
their photospheric abundances and/or SEDs. O-rich Mi-
ras exhibit relatively tight Period–Luminosity relations
(PLRs) (Glass & Lloyd Evans 1981; Feast et al. 1989;
Wood et al. 1999; Whitelock et al. 2008; Yuan et al.
2017b), making them promising distance indicators for
extragalactic systems (e.g. Whitelock et al. 2013; White-
lock & Feast 2014; Menzies et al. 2015; Huang et al.
2018).
A recent study (Yuan et al. 2017a) used decade-long I-
band time-series photometry to discover 1847 Mira can-
didates in M33, the third largest spiral galaxy in the
Local Group. Asymptotic giant branch variable stars in
this system have been studied by several authors (e.g.,
Hartman et al. 2006; McQuinn et al. 2007; Cioni et al.
2008), but none of them obtained a Mira-based dis-
tance. The distance modulus of this system has been
previously determined by various means (other than Mi-
ras), of which we only highlight a few. Studies based on
classical Cepheids have found 24.65 ± 0.12 mag (Macri
2001), 24.53 ± 0.11 mag (Scowcroft et al. 2009) and
24.62± 0.07 mag (Gieren et al. 2013). Detached eclips-
ing binaries were used by Bonanos et al. (2006) to ob-
tain 24.92 ± 0.12 mag, while RR Lyrae yielded 24.67 ±
0.08 mag (Sarajedini et al. 2006).
Given its relatively nearby distance, large sample of
Miras, and available time-series photometry, M33 is
well-suited for testing algorithms to analyze sparsely-
sampled light curves and for characterizing the near-
infrared (NIR) PLRs of these variables. In this work,
we collect NIR and optical measurements of M33 Mi-
ras from various sources, analyze them using a novel
technique, and derive a precise Mira-based distance to
this galaxy. The rest of the paper is organized as fol-
lows. Section 2 describes the data used in this study. In
Section 3 we introduce the method of period redetermi-
nation using multiband data and evaluate its accuracy
on sparse Mira light curves. Section 4 describes the
derivation of mean NIR magnitudes and the estimation
of their errors. We present our results in Section 5.
2. DATA
We based our study on NIR observations of M33 with:
(1) the 3.8 m UK InfraRed Telescope (UKIRT, previ-
ously published by Javadi et al. 2015), (2) the 4-m May-
all telescope at Kitt Peak National Observatory (KPNO,
Figure 1. Locations of UKIRT (red), KPNO (green), and
Gemini (magenta) fields on a Digitized Sky Survey image of
M33. The fields roughly cover 0.81, 0.37, and 0.05 square
degrees, respectively. North is up and east is to the left.
published here for the first time) and (3) the 8-m Gem-
ini North telescope (also published here for the first
time). We further make use of previously-published I-
band time-series photometry obtained by the DIRECT
project and follow-up observations (Macri et al. 2001;
Pellerin & Macri 2011), which were analyzed to search
for Mira variables by Yuan et al. (2017a). The sky cov-
erage of the aforementioned NIR surveys are shown in
Figure 1. We cross-matched stellar sources (including
Mira candidates from Yuan et al. 2017a) among these
datasets by updating all their astrometry to a single ref-
erence frame (defined by the UKIRT catalog). In the
rest of the section, we describe the observations, data
reduction, photometry, and astrometric calibration for
each dataset.
2.1. UKIRT Observations
We used the photometrically and astrometrically cal-
ibrated data products of the UKIRT observations de-
scribed in Javadi et al. (2015). These include multi-
epoch measurements of the entire disk of M33 in JHKs
from 2005 September to 2007 October. Aperture pho-
tometry was performed on the images, followed by pho-
tometric calibration using the 2MASS catalog. For the
∼ 2.6 × 105 sources with σK < 0.2 mag in the catalog,
the median number of measurements per star are 2, 3,
and 7 in J , H, and Ks, respectively. We refer the inter-
ested readers to Javadi et al. (2015) and Hodgkin et al.
(2009) for details of the observations, data reduction,
photometry, and astrometric calibration.
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2.2. KPNO Observations
We used the FLAMINGOS NIR Imager (Elston 1998)
on the KPNO 4-m telescope to observe 13 fields cov-
ering most of the disk of M33. FLAMINGOS had a
10′×10′ field of view projected onto a 2K×2K HgCdTe
detector, which yields a pixel scale of 0.′′316/pixel. We
obtained JHKs photometric measurements for each
field on two consecutive nights. All the images were
taken using a 3×3 dither pattern with total exposure
times of 10s or 30s. A summary of the observations is
given in Table 1.
The raw images were processed using the MSCRED pack-
age in IRAF. We performed a two-pass source detec-
tion at a 2.5σ threshold using DAOPHOT (Stetson 1987),
followed by PSF photometry using ALLSTAR (Stetson
1994). Approximately 60000 stellar sources were found
with σK < 0.2 mag. We attempted to match these
against the UKIRT catalog and found unacceptable re-
sults if we used a conventional WCS projection (i.e., CD
matrix). Thus, we fit the distortion of the KPNO im-
ages using thin-plate spline models and achieved a typ-
ical WCS precision of 0.′′17. Using this nonparametri-
cally calibrated WCS, we were able to match up sources
in overlapping regions of KPNO fields as well as the
overall KPNO star list with respect to the UKIRT cat-
alog. We calibrated the KPNO photometry using the
UKIRT catalog as reference, once again using thin-plate
splines to account for zeropoint variations across the im-
age plane. The calibration was based on 54 − 64 stars
spanning 0.3 < J −Ks < 2. No significant color terms
were found for these transformations (see Appendix for
details).
2.3. Gemini Observations
We used the Gemini North NIR Imager (NIRI, Ho-
dapp et al. 2003) in f/6 mode to obtain JHKs observa-
tions of 46 small fields (2′×2′) across the disk of M33.
While these fields were originally selected to maximize
the number of Cepheids from Macri (2001), they also
included many Mira candidates that were unknown at
the time of the observations. Images were obtained on
12 different nights from 2002 September to 2006 Jan-
uary, with a few fields observed multiple times. The
exposure times were 30.1s in all bands. Details of these
observations are also given in Table 1.
The raw images were processed using the Gemini pack-
age in IRAF, while the subsequent steps were identical to
those described for the KPNO observations. The Gem-
ini images were substantially deeper than those from the
4-m telescopes, and we therefore used a slightly higher
threshold (3.5σ) for source detection. We cross-matched
the Gemini stellar sources to the UKIRT catalog to ob-
Table 1. Observing Log
Datea Site Field Band R.A. Dec. Exp.
[day] [deg] [sec]
2536.959 Gemini G62 H 23.36129 30.58773 30.1
2536.966 Gemini G62 Ks 23.36129 30.58774 30.1
2536.980 Gemini G64 H 23.44946 30.72921 30.1
2536.986 Gemini G64 Ks 23.44944 30.72921 30.1
2537.003 Gemini G65 H 23.48259 30.69734 30.1
2537.010 Gemini G65 Ks 23.48261 30.69732 30.1
Note—a: JD - 2,450,000. This table is available in its entirety in
machine-readable form.
tain the photometric calibration, using 160− 215 bright
and isolated stars spanning 0.3 < J −Ks < 2 to deter-
mine the color terms (see Appendix for details).
2.4. DIRECT and Follow-up Observations
We retrieved the I-band photometric measurements
and the Mira candidate catalog from Yuan et al.
(2017a). The I-band observations were collected by
the DIRECT survey (Macri et al. 2001) and follow-up
observations (Pellerin & Macri 2011) with a combined
baseline of nearly a decade. We re-calibrated the WCS
coordinates of the sources using the UKIRT catalog as
a reference in order to easily identify Mira candidates
among different datasets. We refer the interested read-
ers to Pellerin & Macri (2011, and references therein)
for details of the observations, data reduction, and pho-
tometry of the I-band observations. The Mira catalog
contains 1847 candidates, of which 1781 were found to
have NIR measurements. The other 66 objects were
excluded from this study.
3. PERIOD SEARCH
Combining the I-band light curves with the NIR data,
we redetermined the periods for the Mira candidates
discovered by Yuan et al. (2017a). We extended the
semi-parametric Gaussian process model developed by
He et al. (2016) to a multiband version. We evaluated
the multiband model on simulated light curves with the
same noise and sampling of the combined M33 data.
3.1. Multiband Semi-Parametric
Gaussian Process Model
To describe the Mira light curves, which exhibit un-
predictable cycle-to-cycle and long-term variations, He
et al. (2016) developed a semi-parametric Gaussian pro-
cess model which decomposes the I-band light curve into
strictly periodic and data-driven components. The pe-
riod is solved by optimizing the likelihood of the model
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fit. We refer interested readers to He et al. (2016)
for a detailed description of the model. We extended
the model to a multiband version to simultaneously fit
sparsely-sampled I and NIR light curves. Due to the
limited amount of NIR measurements, it is desirable to
minimize the number of free parameters in the model.
Therefore, we fixed the amplitude ratios and phase lags
of the periodic component among different bands, ob-
tained from a prior study (see the end of this subsection
for details).
For a set of multiband time-series data ti, yi, σi, λi,
where ti is the time of the i
th observation, yi is the
measurement, σi is the measurement uncertainty, and
λi is the band, the multiband semi-parametric Gaussian
process model can be expressed as
yi|β, g(ti) ∼ N (g(ti), σ2i ),
g(t) = Xβ + h(t),
β ∼ N (c, σ2cI6),
h(t)|θ ∼ GP
(
0, kθ(t, t
′) · I(λ, λ′)
)
,
kθ(t, t
′) = θ21 exp
(
− (t− t
′)2
2θ22
)
,
I(λ, λ′) =

1 if λ = I and λ′ = I
1 if λ ∈ JHKs and λ′ ∈ JHKs
0 for all other cases
.
We replaced the periodic term m+bf (t)
Tβ in Eqn. 10 of
He et al. (2016) with a linear multiband expression Xβ.
X is a design matrix that incorporates fixed amplitude
ratios and phase lag relations among the IJHKs bands.
Four representative rows are shown below to illustrate
its formulation:
cos(ωtI) sin(ωtI) 1 0 0 0
AJ
AI
cos(ωtJ −∆ΦIJ) AJAI cos(ωtJ −∆ΦIJ) 0 1 0 0
AH
AI
cos(ωtH −∆ΦIH) AHAI cos(ωtH −∆ΦIH) 0 0 1 0
AK
AI
cos(ωtK −∆ΦIK) AKAI cos(ωtK −∆ΦIK) 0 0 0 1
 ,
where ω ≡ 2pi/P , P is the Mira period, tλ indicates the
observation at time t is through band λ (one of IJHKs),
Aλ is the light curve amplitude in the given band, and
∆ΦIλ is the phase lag between I and λ. The number of
rows of the design matrix is equal to the total number of
measurements in all bands. Similar to He et al. (2016),
we used a Gaussian prior for β with wide variance β ∼
N (c, σ2cI6) where c = (0, 0,mI ,mJ ,mH ,mK).
For the data-driven component, we assumed that the
JHKs bands exhibit the same cycle-to-cycle and long-
term variations, which are distinct from those of the
I band. We made this choice based on several facts:
Table 2. Mira phase lags and amplitude ratios
among I, J,H,Ks bands
a0 a1
O-rich C-rich O-rich C-rich
AI/AJ -1.90 0.78 1.83 0.20
AI/AH -1.66 2.06 1.68 -0.21
AI/AK -1.91 4.22 1.85 -0.91
∆ΦIJ/2pi 0.46 0.07 -0.14 -0.02
∆ΦIH/2pi 0.49 0.13 -0.15 -0.04
∆ΦIK/2pi 0.56 0.16 -0.17 -0.05
Note—These quantities are calculated as a0+a1 log(P ).
(1) our I observations do not generally overlap in time
with the NIR observations, so the data in the former
do not drive the model for the latter and vice versa;
(2) our study of Miras in the LMC (Yuan et al. 2017b)
shows that light curve variations in JHKs are very sim-
ilar, while those in I are usually much greater; (3) our
JHKs data are extremely sparse and it is not feasible to
solve for individual aperiodic variations. We further as-
sumed that the hyperparameters θ1 and θ2 are the same
across all bands under consideration, which should be
valid as long as the strength and time scale of the covari-
ance in the aperiodic process is the same for these wave-
lengths. We implemented these choices by multiplying
the squared exponential kernel with a scalar function
I(λ, λ′), which is set to a value of 1 if both observations
are in I or in any of JHKs. Otherwise, I(λ, λ′) = 0.
We note that this multiband model also works for ob-
jects with observations in fewer than four bands with-
out any modifications. We adopted the same strategy
as H16 to compute and optimize the likelihood. For a
set of multiband light curves with unknown period, we
compute the log-likelihood of the model fit for a dense
grid of trial periods and adopt the resulting profile as
the periodogram.
To determine the fixed amplitude ratios and phase lag
relations used in the multiband model, we made use of
the OGLE-III LMC Mira I-band light curves (Soszyn´ski
et al. 2009) and their JHKs template light curves de-
rived by Yuan et al. (2017b), who computed NIR tem-
plate curves for individual LMC Miras based on 3 epochs
of observations by Macri et al. (2015). We fit first-order
functions of logP to the I-to-JHKs amplitude ratios
and phase lags. The results are shown in Figure 2 and
Table 2.
NIR Mira PLRs in M33 5
1.
0
2.
0
3.
0
4.
0
AI AJ
0.
5
1.
0
1.
5
2.
0 AI AJ
0.
00
0.
10
0.
20 ΦI − ΦJ
2 pi
0.
00
0.
10 ΦI − ΦJ
2 pi
1.
0
2.
0
3.
0
4.
0
AI AH
1.
0
1.
5
2.
0 AI AH
0.
00
0.
10
0.
20 ΦI − ΦH
2 pi
0.
00
0.
10 ΦI − ΦH
2 pi
100 200 500 1000
1.
0
2.
0
3.
0
4.
0
AI AK
100 200 500 1000
1.
0
2.
0
3.
0
AI AK
100 200 500 1000
0.
00
0.
10
0.
20 ΦI − ΦK
2 pi
100 200 500 1000
0.
00
0.
10
ΦI − ΦK
2 pi
Period [day]
Am
pl
itu
de
 ra
tio
Period [day]
Ph
as
e 
la
g
O−rich C−rich O−rich C−rich
Figure 2. I-to-JHKs amplitude ratios and phase lags derived from LMC Miras. The blue lines show the least-square fits and
1σ uncertainties against logP . Smaller points indicate outliers rejected by iterative 3σ clipping.
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Figure 3. Examples of the multiband Gaussian process model fit. Left: The black, blue, green, and red points indicate the I,
J , H, and Ks measurements, respectively. The curves of corresponding colors show the model fit with optimized parameters.
Right: The log-likehood profile of the model fit against trial frequency. The highest peak (red vertical line) is initially adopted
as the Mira period.
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Figure 4. Examples of simulated curves with the same sam-
pling. The black, blue, green, and red points indicate simu-
lated measurements in I, J , H, and Ks band, respectively.
The continuous curves are derived from the measurements of
LMC Miras.
3.2. Application to M33 Multiband Data
We applied the above multiband periodogram proce-
dure to the M33 Mira light curves. We excluded data
in a given band obtained with a given telescope if the
number of “epochs” (measurements separated by more
than 5 days) were less than 3. This ensured we could
robustly determine zeropoint transformations in a given
band across multiple data sources without affecting the
periodogram. We note that these rejections were only
applied for the period search and not for the rest of
the analysis. Figure 3 gives an example of the multi-
band model fit and the resulting periodogram for one
representative Mira candidate. We initially adopted the
highest peak in each periodogram as the “true” period,
but stored the period associated with the second-highest
peak for further analysis. The procedure to determine
the final choice of period is described in § 4.3.
3.3. Model Accuracy
To test the accuracy of the model, we simulated 104
multiband Mira light curves (5000 for each subtype) us-
ing the LMC I-band curves from OGLE-III (Soszyn´ski
et al. 2009) and the corresponding NIR template curves
from Yuan et al. (2017b). We drew data points from the
LMC Mira curves using the actual sparse sampling pat-
terns of the collected M33 Mira multiband light curves,
shifted their magnitudes by +6.27 mag to account for
the relative distances between LMC and M33 (Pellerin
& Macri 2011), and added realistic noise appropriate to
each source of photometry. Figure 4 shows two examples
of simulated light curves.
We applied the multiband periodogram on the simu-
lated data, and compared its performance to the single-
band model. We found that the multiband periodogram
significantly improves the period recovery rates for both
Mira subtypes, as shown in Figure 5. Most of the ob-
jects with incorrectly recovered periods fall on two paral-
lel strips in frequency space that correspond to one-year
aliasing periods.
We also used the simulated data to compute the un-
certainty of the derived periods. We firstly estimated
the relative uncertainties in each Mira candidate using
the bootstrap method, computing the period from many
subsamples of the measurements. For the simulated
data, we computed the same relative uncertainties using
identical procedures. Using the differences between re-
covered and input periods of the simulation, we derived
a scale factor to turn relative uncertainties into absolute
ones. We finally derived absolute period uncertainties
for M33 Mira candidates by applying the scale factor to
their relative uncertainties.
4. MEAN MAGNITUDE IN NIR
Given the very limited number of NIR measurements,
it is not advisable to solve for mean JHKs magnitudes
using the data-driven model. We used a simpler and
more robust method to estimate the mean NIR magni-
tudes, fitting three sinusoidal curves to the JHKs mea-
surements. We fixed the amplitude ratios and phase
lags among bands, thereby solving for three mean mag-
nitudes, one initial phase, and one absolute amplitude.
We then identified C-rich Mira candidates in the M33
Mira sample, and corrected the periods for a subsam-
ple of O-rich Mira candidates exhibiting particular PLR
residuals.
4.1. Sinusoidal Fit to NIR Curves
We estimated the mean NIR magnitude by fitting a
sinusoidal model to the JHKs light curves. Unlike the
multiband periodogram procedure describe above, we
did not exclude any data based on the number of mea-
surements. Instead, we made use of all the NIR data
and fit the sinusoidal model to all the JHKs data si-
multaneously. Since the number of NIR measurements
are generally small, we only included five free parame-
ters in the model, assuming fixed amplitude ratios and
phase lags from Table 2.
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Figure 5. Comparison of period recovery rates for the single-band periodogram (I, left) and the multi-band formulation
(IJHKs, right) using the same simulated Mira light curves. The upper and lower panels show the results for O- and C-rich
Mira subtypes, respectively. The percentage of objects within the red bands are labeled in the lower right of each panel. The
strong aliasing features parallel to the red bands are due to one-year aliasing frequencies, ±1/365.
For a Mira with period P ≡ 2pi/ω, the model is
J(t) = a · cosωt+ b · sinωt+ c
H(t) = a · cos(ωt−∆ΦJH) ·AH/AJ
+ b · sin(ωt−∆ΦJH) ·AH/AJ + d
Ks(t) = a · cos(ωt−∆ΦJK) ·AK/AJ
+ b · sin(ωt−∆ΦJK) ·AK/AJ + e
where a, b, c, d, and e are free parameters and AH/AJ ,
AK/AJ , ΦJH and ΦJK are derived as shown in Table 2.
We noticed that there are occasionally poor measure-
ments with abnormal magnitudes, and thus fit the model
to the NIR light curves using a two-step iterative pro-
cedure to exclude those significant outliers. In the first
pass, we detected > 3σ outliers, which were excluded in
the second pass to derive the final best-fit parameters.
Figure 6 shows an example of the model fit. The mean
JHKs magnitudes were calculated by taking the flux
mean of model curves in each band. We computed the
uncertainties in magnitude using the same strategy as
for the period uncertainty.
4.2. Identification of C-rich Miras
We selected C-rich Mira candidates based on their
NIR colors and JHKs PLR residuals. In Yuan et al.
(2017b) we demonstrated that C- and O-rich Miras ex-
hibit different J−H and H−Ks color relations and that
their PLR residuals are highly correlated across these
bands, as shown in the upper panels of Figure 7. We
initially selected C-rich candidates in color-color space,
requiring that they be located > 0.3 mag away in the
redder direction from the center of the O-rich distribu-
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Figure 6. Example of the sinusoidal fit to the NIR light
curves of Mira candidate w2i2743. The blue, green, and
red points indicate the J , H, and Ks measurements, respec-
tively, while the curves of the corresponding colors shows
their best-fit sinusoidal curves. The circles, upward trian-
gles, and downward triangles indicate measurements from
UKIRT, KPNO, and Gemini, respectively.
tion. This boundary selected 97% C-rich Miras with
< 1% contamination. We also required that the PLR
residual relations fall within a strip of ±0.3 mag width
for all three combinations of ∆J , ∆H, and ∆Ks. Lastly,
we further required ∆J > 0 and ∆H > 0, meaning the
objects should be fainter than the mean value for O-rich
Miras of the same period.
For each M33 Mira candidate, we computed two sets of
NIR colors and JHKs PLR residuals using the method
described in § 4.1 and either C-rich and O-rich JHKs
amplitude ratios. We firstly applied the above cuts using
the magnitudes and PLR residuals based on the O-rich
relations to select C-rich candidates. We then updated
the periods and magnitudes of those selected as C-rich
variables using the other set of relations. We noticed
that the center of the O-rich distribution in the color-
color diagram is slightly different for the LMC sample
and M33 sample, and redetermined the center for the
M33 sample by iteratively rejecting the one largest out-
lier until all remaining objects were within a 0.3 mag
radius. We found that the M33 sample is centered at
J −H ∼ 0.78, H −Ks ∼ 0.42 mag while the LMC sam-
ple is centered at J − H ∼ 0.78, H − Ks ∼ 0.35 mag.
The ∼0.07 mag difference in H −Ks color between the
two samples is not fully understood, and may be the
consequence of contamination by stars other than O-
rich Miras in the M33 sample. We used the JHKs PLR
residual relations of LMC C-rich Miras, which did not
require modification. We performed the selection of C-
rich variables in two passes. We first adopted the M33
distance modulus derived by Pellerin & Macri (2011)
and determined PLR zeropoints as described in § 5.1;
in the second pass, we used the updated zeropoints for
classification. Using these techniques, we identified 88
C-rich variables out of the 1781 Mira candidates.
4.3. Period Correction
Based on the simulation described in § 3.3, we know
that in the case of O-rich Miras there is a > 5% chance
that the second-highest peak in the periodogram corre-
sponds to the true period. In such cases, using the pri-
mary peak in the periodogram will result in large PLR
residuals, while the secondary peak will yield much bet-
ter agreement.
We therefore computed the PLR residuals of all O-
rich Mira candidates (based on the primary peak in the
periodogram) and selected outliers beyond ±0.5 mag in
all three bands. We calculated PLR residuals for these
objects using the secondary peak of their periodograms,
and adopted the alternative period estimate if the resid-
uals were smaller than ±0.5 mag. This resulted in up-
dated periods for 75 variables, while 135 did not show
any significant improvement. Figure 8 shows a com-
parison of PLR residuals using primary and secondary
periods. It can be seen that the primary periods of most
of the updated variables follow the one-year aliasing re-
lations, which indicates that our correction procedure
was well motivated. We performed this procedure in
two passes.
To summarize, the adopted periods in this study are
different from those of Yuan et al. (2017a) as follows:
(1) For objects with adequate NIR time-series measure-
ments, we used the multiband periodogram described in
§3. (2) For O-rich candidates that did not fit the ex-
pected Mira PLRs in any of JHKs, we adopted their
secondary periods if those fit the PLRs in all three
bands. Figure 9 shows the comparison of the periods
used in this study and those derived by Yuan et al.
(2017a).
For the spectroscopically confirmed Mira star [HBS
2006] 40671 (Barsukova et al. 2011), our multiband pe-
riodogram gives primary and secondary periods of 426d
and 654d, respectively. Barsukova et al. (2011) found a
primary period of 665d and secondary periods of 3500d
and 406d. This confirmed Mira is one of those objects
for which our primary period did not fit the PLRs while
the secondary one did; therefore, we adopted the latter
as our final choice based on the aforementioned proce-
dure.
5. RESULTS
We fit the O-rich Mira PLRs based on LMC variables
to the M33 Mira candidates and selected 1265 objects
to estimate the distance modulus of M33 and its uncer-
tainty (including systematic errors).
NIR Mira PLRs in M33 9
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
0.0 0.5 1.0 1.5
0.
5
1.
0
1.
5
2.
0
LMC
H − Ks [mag]
J
−
H
 
[m
ag
] ll
l
l
l
l
l
l
l
l
l l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
ll
l
l
l
l
l
ll
l
l
l
l
l
ll
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
ll
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
0.0 1.0 2.0
0.
0
0.
5
1.
0
1.
5
2.
0
2.
5
LMC
∆ J  [mag]
∆ 
H
 
[m
ag
] ll
l
l
ll l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
ll
l
l
l
l
l
ll
l
l l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
0.0 1.0 2.0
−
0.
5
0.
0
0.
5
1.
0
1.
5
LMC
∆ J  [mag]
∆ 
K
s
 
[m
ag
]
l
l
l
ll l
l
l
l
l
l
l
l
ll
l
l
l
ll
l
l
l l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
0.0 1.0 2.0
−
0.
5
0.
5
1.
0
1.
5
LMC
∆ H  [mag]
∆ 
K
s
 
[m
ag
]
l
l
l
l
ll
l
ll
l
l
l
l
l
ll
l
l
l
l
l
l
l l
l
l
ll
l
l
l
l
l l
ll
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
0.0 0.5 1.0 1.5
0.
5
1.
0
1.
5
2.
0
M33
H − Ks [mag]
J
−
H
 
[m
ag
]
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
0.0 1.0 2.0
0.
0
0.
5
1.
0
1.
5
2.
0
2.
5
M33
∆ J  [mag]
∆ 
H
 
[m
ag
]
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
ll
l
l
l l
l
l
l l l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
ll
l
l
l
l
0.0 1.0 2.0
−
0.
5
0.
0
0.
5
1.
0
1.
5
M33
∆ J  [mag]
∆ 
K
s
 
[m
ag
]
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
ll
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
ll
l
l l
l
l
l
l
l
l
ll
l
l
l
ll
l
ll
l
l
ll
0.0 1.0 2.0
−
0.
5
0.
5
1.
0
1.
5
M33
∆ H  [mag]
∆ 
K
s
 
[m
ag
]
Figure 7. Selection of M33 C-rich Mira candidates (lower panels) based on the colors and PLR residuals exhibited by the
same type of variables in the LMC (upper panels). For LMC Miras, black and red points indicate O- and C-rich variables.
For M33 Miras, the selected C-rich candidates meeting all four selection criteria (solid lines) are indicated by red points. The
black points in the rightmost three columns indicate objects that passed the color cut but did not simultaneously meet all three
residual relation cuts.
5.1. Mira PLRs
We fit the quadratic O-rich Mira PLRs from Yuan
et al. (2017b) to the M33 variables of the same subtype.
The PLRs are expressed as
M = a0 + a1(logP − 2.3) + a2(logP − 2.3)2
where M is the magnitude, P is the period, and a{012}
are the PLR parameters. We fixed a1 and a2 to the
values determined by Yuan et al. (2017b) and solved for
a0. We show the results of the fit in Figure 10. Five
types of objects were excluded before or during the fit-
ting process: (1) Objects classified as C-rich Mira candi-
dates (N = 88); (2) objects with missing magnitudes in
any of JHKs (N = 86); (3) objects with a problematic
fit, indicated by abnormal amplitudes (AI > 4.5 mag,
AJ > 3 mag, or AJ/AI > 1.5, N = 22); (4) objects with
large period uncertainties (σP /P > 0.05, N = 223); (5)
> 3σ outliers based on simultaneous iterative clipping
across JHKs (N = 97). The remaining 1265 objects
were classified as O-rich Miras, while the rejected ones
were left as unclassified. The 97 Mira candidates that
deviated from the PLRs by > 3σ could be misclassi-
fied, have incorrect periods, or suffer from very poor
measurements (large photometric errors and/or limited
sampling); they were excluded from further analysis. We
list the properties of all Mira candidates in Table 3, while
the PLR coefficients are given in Table 4.
Using only O-rich Mira candidates with P < 400 d,
we derived the PLR zeropoints a0 for the linear relations
used by Yuan et al. (2017b). We did not include the ob-
jects with longer periods to avoid any possible contam-
ination by “hot bottom burning” variables (Whitelock
et al. 2003; Marigo et al. 2013). The coefficients of these
linear relations are also listed in Table 4. The scatter of
all M33 PLRs is similar for both the linear and quadratic
formulations. As described before, the above procedures
were performed in a two-step manner, with the second
pass using updated results from § 4.2 and § 4.3.
5.2. Distance Modulus and Systematic Uncertainty
We derived the distance modulus of M33 by compar-
ing the zeropoints (a0) of the corresponding LMC and
M33 Mira PLRs. We used the offsets of the linear re-
lations for each band, which were corrected for several
known sources of bias. We also propagated systematic
uncertainties for our estimates.
The difference in computing the “mean magnitude”
for the LMC and M33 Miras leads to a small but cor-
rectable bias. The JHKs light curves of LMC Miras
we fit by Yuan et al. (2017a) using piece-wise templates,
and the mean values of the maximum and minimum
magnitudes across all segments were used to compute
the “mean magnitude”. This choice was made to avoid
significant errors due to template discontinuity. For
the M33 measurements, we fit the data with sinusoidal
10 Yuan et al.
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Figure 8. PLR residual test for the secondary periods. The left side panels show JHKs primary-period PLR residuals (from
top to bottom) for O-rich Mira candidates with residuals greater than 0.5 mag (indicated by red lines) in all three bands. The
right side panels are based on secondary periods. Blue points indicate variables whose secondary periods yield better agreement
with the PLRs in all three bands. Black curves indicate one-year aliasing relations.
curves and used their flux mean as “mean magnitude”.
We evaluated this bias using the same set of simulated
light curves described in § 4.1, and obtained offsets of
0.034, 0.036, and 0.035 mag for JHKs, respectively.
Another bias comes from the difference in interstellar
extinction towards the LMC and M33. For the LMC,
we averaged the results of Haschke et al. (2011) based
on both red clump stars and RR Lyraes. We used the
reddening law from Fitzpatrick (1999) to derive JHKs
extinctions of AJ = 0.06, AH = 0.04, AK = 0.02 mag.
For M33, we adopted the extinction map from Schlafly
& Finkbeiner (2011), which gives AJ = 0.03, AH = 0.02,
AK = 0.01 mag. We corrected the relative distances for
this difference in extinction.
The photometric zero point uncertainties are lead-
ing factors that contribute to the final error budget.
We adopted a conservative 0.02 mag estimate for the
internal zeropoint uncertainty of the M33 observa-
tions (Hodgkin et al. 2009). For the LMC measure-
ments, Macri et al. (2015) reports spatially-dependent
zeropoint uncertainties. We estimated average values of
σJ ∼ 0.03, σH ∼ 0.035, σK ∼ 0.025 mag based on their
Fig. 4. We added the photometric uncertainties of the
two surveys in quadrature and propagated them into
the final error budget.
NIR Mira PLRs in M33 11
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
ll
l
l
l
l
l
l
l
l
l
l
l
l
ll
ll
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l
l l
l
l
l
l
0.002 0.004 0.006 0.008 0.010
0.
00
2
0.
00
4
0.
00
6
0.
00
8
0.
01
0
Frequency (Yuan+2017a) [day−1]
Fr
eq
ue
nc
y 
(th
is 
wo
rk
) [d
ay
−
1 ]
l
l
Primary period adopted
Secondary period adopted
Figure 9. Comparison of the periods derived in this work
and those obtained by Yuan et al. (2017a). The black circles
indicate objects for which we adopted the primary period,
while red circles indicate objects for which we used the sec-
ondary periods.
We estimated the bias due to color terms in the pho-
tometric calibrations of Hodgkin et al. (2009) for M33
and Macri et al. (2015) for the LMC, which were mostly
based on stars bluer than Miras. Hodgkin et al. (2009)
reported the WFCAM to 2MASS color terms in their
Equations (4)-(8), while their Figure 10 shows the mean
color difference between calibrating stars and O-rich Mi-
ras was ∆(J − H) ∼ 0.3 and ∆(J − Ks) ∼ 0.7 mag.
These would bias the distance moduli in JHKs by 0.02,
0.01, and -0.007 mag, respectively. Macri et al. (2015)
reported that the only statistical significant color term
was J = 0.018 · (J −K), and their calibrating stars had
a mean J−Ks = 0.99 mag. This would introduce a bias
in the J distance modulus of -0.004 mag.
We did not consider metallicity or differential extinc-
tion in this analysis. No observational evidence has been
found for a significant metallicity dependence of the NIR
PLRs of O-rich Miras (Whitelock et al. 1994; Wood
1995; Feast 1996). Given the similar abundances of
LMC and M33 (Romaniello et al. 2008; Bresolin 2011),
the overall metallicity effect should be marginal. It is
also unlikely that they exhibit significant differential ex-
tinction due to circumstellar material, as the intrinsic
scatter of the O-rich Mira PLRs is quite small (≤ 0.12
mag in Ks, see Glass & Lloyd Evans 2003; Yuan et al.
2017b).
The aforementioned corrections and associated un-
certainties are summarized in Table 5. We use the
LMC distance modulus of 18.493 ± 0.048 mag derived
by Pietrzyn´ski et al. (2013), correct for all the aforemen-
tioned biases, and propagate all uncertainties to arrive
at M33 distance moduli of 24.82±0.06, 24.82±0.06, and
24.75± 0.06 mag in JHKs, respectively. We average all
three values (but maintain the systematic uncertainty in
any given band) to arrive at µ = 24.80±0.06 mag. This
result is somewhat higher, but statistically consistent,
with the Cepheid-based distances from the aforemen-
tioned studies.
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Figure 10. M33 Mira PLRs in J (top), H (middle), and Ks (bottom). The blue, red, and gray points indicate O-rich
candidates, C-rich candidates, and unclassified candidates, respectively. The dashed and solid lines indicate the PLR fits to the
O-rich candidates in first-order and quadratic forms, respectively. The open circles represent variables that were excluded from
the fit (P > 400 d, possible HBB variables).
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Table 3. Properties of Mira Candidates
ID R.A. Dec. P σ(P ) J σ(J) H σ(H) Ks σ(Ks) Class
a
[M33SSSJ] (day) (mag) (mag) (mag)
01321114+3032588 23.04618 30.54961 325 99 19.8 0.3 19.4 0.4 18.8 0.6 N
01321450+3019349 23.06024 30.32632 262 2 18.5 0.1 17.89 0.05 17.53 0.05 O
01321654+3025260 23.06869 30.42384 308 10 18.17 0.07 17.33 0.05 16.95 0.04 O
01321897+3031226 23.07879 30.52288 256 4 18.49 0.09 17.80 0.09 17.41 0.07 O
01322179+3034063 23.09052 30.56834 350 3 17.9 0.2 17.3 0.2 16.8 0.2 O
01322351+3030590 23.09772 30.51630 265.2 0.7 18.5 0.1 17.78 0.09 17.33 0.07 O
01322586+3033489 23.10747 30.56352 130 1 19.31 0.05 18.67 0.07 18.31 0.05 O
01322828+3017589 23.11767 30.29965 337 69 16.7 0.2 15.8 0.2 15.5 0.2 N
01322948+3026495 23.12265 30.44703 314 1 18.12 0.03 17.33 0.04 16.88 0.04 O
01322979+3034179 23.12386 30.57156 337 94 . . . . . . 18.2 0.5 N
01323105+3031442 23.12914 30.52887 191 2 19.0 0.1 18.3 0.1 17.9 0.1 O
01323349+3038395 23.13931 30.64426 500 7 16.66 0.07 15.85 0.07 15.45 0.05 O
01323465+3032326 23.14412 30.54230 380 20 19.0 0.5 17.7 0.4 16.6 0.3 C
Note—a: O for O-rich, C for C-rich, N for not classified.
(This table is available in its entirety in machine-readable form.)
Table 4. PLR coefficients
galaxy band linear (P < 400d) quadratic
a0 a1 σ N a0 a1 a2 σ N
LMC J 12.67± 0.01 −3.48± 0.09 0.15 158 12.70± 0.01 −3.49± 0.09 −1.54± 0.23 0.15 178
M33 J 18.92± 0.01 . . . 0.25 1169 18.94± 0.01 . . . . . . 0.25 1265
LMC H 11.91± 0.01 −3.64± 0.09 0.16 163 11.96± 0.01 −3.59± 0.10 −3.40± 0.31 0.16 173
M33 H 18.17± 0.01 . . . 0.24 1169 18.27± 0.01 . . . . . . 0.26 1265
LMC Ks 11.56± 0.01 −3.77± 0.07 0.12 158 11.59± 0.01 −3.77± 0.08 −2.23± 0.20 0.12 176
M33 Ks 17.78± 0.01 . . . 0.21 1169 17.83± 0.01 . . . . . . 0.22 1265
Table 5. Distance moduli and sources of uncertainty
band ∆a0 ∆m ∆Aλ ∆ct ∆µ µLMC µ
J 6.250± 0.007 0.034± 0.001 0.029± 0.008 0.016± 0.036 6.33± 0.04 18.493± 0.048 24.82± 0.06
H 6.259± 0.007 0.036± 0.001 0.018± 0.005 0.010± 0.040 6.32± 0.04 18.493± 0.048 24.82± 0.06
Ks 6.216± 0.006 0.035± 0.001 0.012± 0.003 −0.007± 0.032 6.26± 0.04 18.493± 0.048 24.75± 0.06
Note—∆a0: from linear fit (see Table 4). ∆m: correction for calculation of mean magnitude. ∆Aλ: correction for
differential extinction towards LMC and M33. ∆ct: correction for color terms at mean color of O-rich Miras. ∆µ:
resulting relative distance moduli. ∆µLMC: Distance modulus to LMC from Pietrzyn´ski et al. (2013). µ: Final distance
moduli. All quantities in this table are expressed in magnitudes.
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Figure 11. Color terms in the photometric calibrations of KPNO/FLAMINGOS (left) and Gemini North/NIRI (right) with
respect to UKIRT/WFCAM. The blue solid lines indicate the derived color terms, while the red dashed lines indicate the typical
colors of O-rich Miras. The values and uncertainties of the color terms are indicated in the lower-left corner of each panel, while
the number of calibrators is given on the lower-right corner.
APPENDIX
A. PHOTOMETRIC TRANSFORMATIONS
We transformed the KPNO/FLAMINGOS and Gemini North/NIRI into the UKIRT/WFCAM system using ∼ 50−
200 bright and isolated stars, depending on the camera and filter. As shown in Figure 11, these calibrators span a color
range (0.3 < J −Ks < 2.0) that brackets the typical color of O-rich Miras. We did not obtain statistically significant
color terms for KPNO/FLAMINGOS, given the small number of calibrators and the noisy nature of the photometric
measurements. Thus, only a zeropoint correction was applied. In the case of Gemini North/NIRI, the color terms were
also small and only marginally more statistically significant, but we included them in the transformation. While C-rich
Miras are redder than the calibrating stars and there may exist a systematic error due to the necessary extrapolation,
this does not affect our main results as only the O-rich Mira candidates are used for distance determination.
